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(i) 


ABSTRACT 


An  increasing  sequence,  A,  of  natural  numbers  is  primitive 
if  none  of  its  terms  divides  any  other.  Behrend  proved  that  every 
primitive  sequence  must  have  upper  asymptotic  density  less  than  1/2 
and  Erdos  showed  that  the  logarithmic  density  (and  therefore  lower 
asymptotic  density)  of  any  such  sequence  must  be  equal  to  zero. 
Besicovitch  proved  that,  for  any  z  >  0  ,  there  exists  a  primitive 
sequence  with  upper  density  greater  than  1/2  -  z  . 


Using  a  combinatorial  result  of  Sperner,  Behrend  proved  the 
existence  of  a  positive  absolute  constant  c,  such  that,  for  any 
primitive  sequence  A  =  {a-^}  and  any  n  >  3 


a^n 


log  n 


/logiog  n 


On  the  other  hand,  Pillai  showed  that  there  is  a  positive  absolute 
constant  c1  ,  such  that,  for  any  n  >  3  ,  there  is  a  primitive 
sequence  A’  Q  {l,2,...,n}  ,  for  which 


aeA 


c.  lo8  n 
/logiog  n 


Erdos,  Sarkozi,  and  Szemeredi  showed  that 


(ii) 


lira  sup 

n  ->■  oo 


Aoglog  n 

log  n 


1 


where  the  supremum  is  taken  over  all  primitive  sequences  AC  {l,2,...,n}  . 
They  also  showed  that  if  A  is  an  infinite  primitive  sequence,  then 


Davenport  and  Erdos  showed  that  every  sequence  of  positive 
upper  logarithmic  density  has  a  subsequence,  each  term  of  which  divides 
the  succeeding  term. 


Erdos,  Sarkozi,  and  Szemeredi  obtained  the  following  result. 
Denoting  by  f (x)  the  sum 


Y, 

.  <  q  .  < 
1  1" 

Si|Sj 


1 


> 


if  5  has  upper  logarithmic  density  C}  >  0  ,  then  for  infinitely  many  x. 


f (x)  >  x  exp{c2 /loglog  x  logloglog  x}  , 

where  c2  =  c^Cc^  .  There  exists,  however,  a  sequence  S’  having 
upper  logarithmic  density  c-^  ,  for  which 

f(x)  <  x  exp{c3 /loglog  x  logloglog  x} 


for  all  x,  where  c3  =  c^Cj)  . 
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CHAPTER  I 


INTRODUCTION  AND  PRELIMINARY  RESULTS 
FROM  NUMBER  THEORY  AND  COMBINATORICS 

Let  A  =  {a^}  be  a  finite  or  infinite  sequence  of  positive 
integers, a1<a2< .. .  .  A  is  said  to  be  primitive  if  no  a±  divides  any 
other.  For  example,  the  integers  m,  n  <  m  £  2n,  for  a  fixed  n  are  a 
finite  primitive  sequence,  and  the  prime  numbers  are  an  infinite 
primitive  sequence. 

Suppose  S  =  { s -j_ }  is  any  increasing  sequence  of  positive 
integers.  We  will  denote  the  number  of  s^  ^  n  by  S(n).  The  lower 
(asymptotic)  density  of  5,  &S  is  then  defined  by 

dS  =  lim  inf  S(n)/n 

n  -*  00 

and  the  upper  density  dS  by 

dS  =  lim  sup  S(n)/n  . 

n  00 


If  dS  =  dS,  then  S  is  said  to  have  (asymptotic)  density  dS  equal  to 
the  common  value  of  the  lower  and  upper  densities.  The  lower  logarithmic 
density  of  S,  6S  is  defined  by 

6S  =  lim  inf  -r~ —  / 

—  n  ->  °°  log  n  L — »  s 

s^n 

and  the  upper  logarithmic  density  and  logarithmic  density  are  defined 
analogously.  It  can  be  easily  proven  (see  Halberstam  and  Roth  [ 10 ] ) 


. 
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that  0  <  dS  <  6S  z  6S  $  dS  z  1  . 

We  will  now  briefly  outline  the  contents  of  this  thesis. 

Chapter  II  is  devoted  to  a  study  of  primitive  sequences.  It 
can  be  verified  that  if  A  is  a  primitive  sequence,  then 

(1.0.1)  dA  <  1/2  . 

In  fact,  (1.0.1)  follows  from  the  observation  that  any  two  distinct 
terms  of  A  must  have  different  largest  odd  divisors.  Behrend  [2  ] 
was  the  first  to  prove  that  equality  cannot  hold  in  (1.0.1).  On 
the  other  hand,  Besicovitch  [3]  proved  that,  if  e  >  0  is  given, 
there  exists  a  primitive  sequence  A  such  that  dA  >  1/2  -  e  . 

Erdos  [ 6  ]  proved  that  every  primitive  sequence  A  has 
logarithmic  density,  but  not  necessarily  asymptotic  density,  by 
showing  that  6A  =  0  ,  so  that  dA  =  6A  =  0  .  This  result  lead 
naturally  to  the  consideration  of  the  behaviour  of 

g'(n)  =  £  £ 

ai^n 

for  infinite  primitive  sequences  A,  and 

g(n)  =  sup 
A 

where  the  supremum  is  taken  over  all  primitive  sequences  A  {l,...,n} 


Behrend  [  2~\  proved,  using  a  combinatorial  result  of  Sperner, 


that  for  some  absolute  c, 
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g’(n)  <  g(n)  < 


log  n 


/2tt  /loglog  n 


(That  g(n)  -  o(log  n)  is  just  the  result  of  Erdos,  namely  fiA  =  0)  . 

Pillai  [l2]  proved  that  if  A  is  the  set  of  square-free 
integers  in  {l,...,n}  having  exactly  [loglog  n]  prime  factors,  then 


I 

acA 


-  >  c  i-PS  n _ 

a  1  /loglog  n 


This  lead  him  to  make  the  following  conjecture: 


T  1  •  •  ^  /  \  /Loglog  n 

L  =  limit  g (n)  - f — 6 —  exists. 

n  log  n 


Erdos  [5]  claimed  that  one  could  modify  Behrend's  method 
to  show  that  for  every  primitive  sequence  A  Q  {l,...,n},  one  has 


I 


as/ 


h  +  t '  log  n 


/2tT  I  /loglog  n 


where 


e  >  0  is  arbitrary  and  n  >  n0(e),  which  is  in  fact  true  if  A 
consists  of  square-free  integers.  In  light  of  this,  he  also  claimed 
that  Pillai’ s  conjecture  was  true,  and  that  L  =  -7==  .  However,  I. 
Anderson  [  1  J  very  carefully  analyzed  the  Behrend  argument  and  showed 
that  the  best  one  could  hope  to  get,  by  this  method,  is 


aeA 


+  e 


log  n 


/ft*  /  /loglog  n 


. 
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Pillai’s  conjecture  was  finally  settled  in  the  affirmative, 

with  L  =  ,  by  Erdos,  Sarkozi  and  Szemeredi,  but  their  argument 

v  2tt 

differed  substantially  from  that  which  Erdos  had  envisaged  in  [5  ]. 


Erdos,  Sarkozi,  and  Szemeredi  [8]  proved  that  the  analogue 
of  Pillai’s  theorem  does  not  hold  for  infinite  primitive  sequences, 
by  showing  that  for  any  such  sequence, 


g’(n)  =  o 


log  n 


/loglog  n 


In  the  same  paper,  they  showed  that  this  result  is  best  possible  in  the 
sense  that  if  w(n)  is  a  sequence  that  tends  to  zero  arbitrarily  slowly 
as  n  goes  to  infinity,  then  there  exists  an  infinite  primitive  sequence 
A  such  that 


g’(n)  >  w(n> 


log 


n 


/loglog  n 


for  infinitely  many  n. 

In  Chapter  III  of  this  thesis,  we  investigate  sequences  which 
have  positive  upper  logarithmic  density.  It  follows  that  such  a  sequence 
contains  infinitely  many  pairs  of  integers  a^,  aj  such  that  a£ | a j .  This 
result  can  be  extended  in  two  ways. 

One  of  these  is  the  famous  Davenport-Erdos  theorem  [ 4  ]  which 
asserts  that  any  sequence  of  positive  upper  logarithmic  density  must 
contain  an  infinite  division  chain,  i.e.  ,  an  infinite  subsequence,  each 


term  of  which  divides  the  next. 


. 

•  . 


Suppose  that  6A  =  c  >  0.  Let  us  denote  by  f(x,c),  the  number 
of  pairs  1  £  a^  <  aj  <  x  such  that  ajjaj  .  Then  it  is  clear  that 
f(x,c)  00  as  n  ->  00  .  Erdos,  Sarkozi,  and  Szemeredi  obtained  some 
reasonably  precise  information  about  the  behaviour  of  f(x,c),  and  we 
shall  also  take  up  this  result  in  Chapter  III. 

We  have  obtained  an  improved  bound  in  Lemma  2.11  and  elaborated 
some  sketched  arguments.  We  have  also  corrected  a  number  of  errors  in 
various  papers. 

We  now  give  some  number  theoretic  results  which  we  shall  use 
subsequently . 

Theorem  1.1  Let  a1<...<aicin  be  a  sequence  of  positive 
integers.  Let  d*(m)  be  the  number  of  divisors  of  m  among  the  a's.  Then 


Proof . 


is  the  number  of  solutions  of  xy  =  m  for 

» 


m  <  n  where  x  is 
of  solutions  of 


an  a±  and  y  is  an  integer, 


a±y  <  n  is 


y 


Thus  the 


But  for  each  i,  the  number 
total  number  of  solutions 


k 

is  also 

i=l 


We  define  d(n)  to  be  the  number  of  divisors  of  n.  As 


' 
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n 


n 


=  log  n  +  0(1)  ,  we  have  ^d(m)  =  n  log  n  +  0(n)  . 


m=l 


m=l 


We  shall  use  the  following  well  known  results.  For  p  prime 


(1.1.1) 


I 


p£x 


=  log  x  +  0(1) 


and 


(1.1.2) 


Z 

p<x 


—  =  loglog  X  +  a  +  o (1)  , 


where  a  is  a  positive  constant. 


Theorem  1.2  (Mertens) 


positive  constant. 


1  l\ 

p 

[ 

^  b: -  ,  where  b  is  a 

log  x 


Theorem  1.3  Let  w  >  0  and  let  { t-j^ }  be  the  sequence  of 
integers  which  have  no  prime  factors  less  than  w.  Then 


(1.3.1) 


tj[^X 


I  >  c  log.*  , 

ti  log  w 


where  c  is  a  positive  constant,  and  x  is  sufficiently  large, 


Proof.  Let  T(x)  =  El.  Let  pi,po,...,pr  be  tbe  primes 
-  ti<x 

not  greater  than  w.  Then 


T (x)  =  x 


-  E[fJ 


-  ■  i  fey- 

Pi<W  Pl<Pj^W 


. 


-  7  - 


=  x 


-  y  ~  +  y  - ...  +  o(2r) , 

/—>  Pi  Z_.  PiPj 
pj"w  Pi<pj^w 


since  there  are  2r  summands.  Thus 


T(x)  =  x 


1  -  - 
P 


p<w 


+  0(20 


^  b  -  +  0  (2r)  , 

log  w  * 


by  Mertens'  Theorem, 


Then,  by  partial  summation, 


I 


ti-x 


i  =  t «  ■  i  +JW T<« p dt 


a,  b 


log  w 


+  0 


2r  •  ± 
x 


x 


+  b 


dt 


lo§  w J  w  1 


+  0 


2 r  /  X  -p- 
w  L 


^  b  v°-g--  -  b  +  b  — ^ —  +  0 

log  w  log  w 


2r  *  - 


+  0 

2r(—  - 

4 

u 

xl 

> 


b_  log  x 
2  log  w 


» 


if  x  is  sufficiently  large,  say  x  >  exp  exp  w 


We  denote  by  u)(m)  the  number  of  different  primes  dividing 
m  and  by  ft(m)  the  number  of  prime  powers  dividing  m.  Similarly  we 
will  denote  by  a)-j-(m)  the  number  of  different  primes  less  than  T  which 
divide  m  and  by  fi-p(m)  the  number  of  prime  powers,  for  primes  less  than 
T,  which  divide  m. 


Theorem  1.4  For  T  < 


n, 


n 


^ (nT(m) 

m=l 


An>2  =  0(n  loglog  T) , 


where 


Proof.  We  will  find  it  more  convenient  to  work  with  w^Cm) 
so  we  first  replace  fi-j-(m)  by  a)p(m).  We  have 


ft-pCro)  -  w<p(m)  =  ^co-pCp)^  1  • 

p  k=2 

pk  |m 


We  show 


n 


(1.4.1) 


^  {ftrp(m)  -  a)*p  (m)  } 2  =  0(n)  • 


m=l 


n  oo  oo  n 

Now  ^  (fiT(m)  -  ^  ^  wT(p)o3-j(cl)  ^  ^  ^ 


m=l 


p  q 


j=2  k=2  m=l 

pj  |m,qk|m 


00  oo 


^  0)T(p)wT(q)  ^  ^ 

j=2  k=2 


p  q 


m 


. 
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+ 


00  oo 


Z“t(p>  E  E 


n 

pmax{j ,k} 


We  have 


CO  00 


y ' y  wT(p)u)T(q)  ^  2^ 

j  =  2  foL 


p  q 

p4q 


n 


pJq* 


=  0 


^  oox (p)ooT (q) 


p  q 
p+q 


and 


00  00 


II 

t  =9  V=9 


n 

pmax{ j ,k} 


(since 


00 


k=2 


which  proves  (1.4.1)  . 


For  all  a,  b,  (a+b)2  £  2a2  +  2b2  ,  so 


n  n 

^  (fiT(m)  -  An}2  <  2  ^  (fix(m)  "  tox(m)}2 
m=l  m=l 


n 


+  2  ^  (cox(m)  -  An}2 
m=l 


and  we  have  only  to  show  that 


. 


10  - 


(1.4.2) 


n 


I 

m=l 


(co-pOn) 


An) 2  =  0(n  log  log  T)  . 


Now 


ni .  n  n 

(1.4.3)  ^  {^(m)  -  An}2  =  ^  w2(m)  -  2  An  ^  ooT(m) 

m=l  m=l 


m=l 


nA2 


and 


(1.4.4) 


=  nAn  +  0(n)  . 


Also 


n 


I 

m=l 


p 

to<j>  (m) 


■*»  ^ 

wT(p)o)T(q)  ~  +  ^  oo£(p) 


p  q 

p4q 


--I 


pq-n 

p+q 


O)'j'(p)  Wrp(q) 

pq 


+  0 


pq-n 


+  nAn 


+ 


-z 


GO 


rp(p)  tx)q’(q) 


pq-n 


pq 


+  nAn  +  0(n) 


since  every  m  has  at  most  two  representations  m  =  pq.  We  have 


/ 


.  I 


ooT(p)  ooT(q)  < 

pq 


pq<n 


0  (n) 


c|  Cu  ' 


11  - 


As 


=  0(1) 


y 


Hence 


n 

(1-4.5)  ^  o)^(m)  =  n  +  0(n{An  +  1})  . 

ifcl 


Therefore,  by  (1.4.3),  (1.4.4),  and  (1.4.5), 


n 

(wT (m) 

m=l 


An}?  -  n  A^  +  0(n{An  +  1}) 


-  2  An(n  An  +  0(n)}  +  n  A^ 


=  0 (n{An  +  1})  . 


EgotCp) 

-  =  loglog  T  +  0(1)  ,  so  n{An  +  1}  = 


p^n 


0 (n  loglog  T)  ,  which  proves  the  theorem. 


Corollary  1.5  Let  e  >  0  be  given.  Then  there  is  a 
To  =  T0(e)  so  that  if  T0  <  T  <  n  ,  then  the  number  of  positive 
integers  m  £  n  for  which  [  fix(m)  “  loglog  T  |  >  •—  loglog  T  is  less 
than  en  . 

Proof.  It  follows  from  Theorem  1.4  that  if  we  denote  by 
Nn,  the  number  of  integers  not  exceeding  n  for  which 


-  • 


■ 
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|  ^tC™)  “  loglog  T  |  -  ~  loglog  T  ,  . 

then  Nn  <  C  —  n(loglog  T)-1  . 

Choose  T0  large  enough  that  9C  (loglog  T)_1  <  e  ,  and  the  result  follows. 

Lastly,  we  shall  find  Stirling’s  formula 
log  n!  =  (n  +  1/2)  log  n  -  n  +  0(1) 
a  useful  tool  in  estimating  bounds,  particularly  for  binomial 
coefficients . 

If  S  =  {sjjS^...}  is  a  set  and  P  =  (p1,p2»«»}  is  a  set 

of  primes,  then  we  can  make  a  correspondence  by  associating  si  with 

PX  .  This  induces  a  correspondence  between  the  non-empty  subsets  of 

S  and  the  square-free  numbers  that  can  be  formed  from  primes  in  P. 

Moreover,  set  inclusion  for  subsets  of  S  corresponds  to  divisibility, 

that  is,  Pii#..pim|  pj^...pjn  if  and  only  if  (s^  , . . .  >sim}  — 

{s-i  ,.,.,s-i  }  .  Thus  it  should  not  be  surprising  that  the  proofs  of 
Jn 

many  of  the  theorems  on  primitive  sequences  make  use  of  certain 
combinatorial  results,  which  we  now  present. 

We  shall  denote  the  order  of  a  set  S  by  |s|  .  If  S  is  any 
set,  and  A  any  family  of  subsets  of  S,  we  shall  denote  by  A^h)  the 
subfamily  of  all  h-element  members  of  A,  and  by  B(A)  the  family  of 
all  subsets  of  S  which  contain  members  of  A.  We  shall  call  the 
family  A  primitive  if  none  of  its  members  contains  any  other. 


\ 


■ ' , 
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Lemma  1 , 6  Let  S  by  a  set  of  order  n.  Let  Hj  be  a  family 
of  j-element  subsets  of  S.  Let  k  >  j  and  suppose  7^  is  any  collection 
of  k-element  subsets  of  S,  including  all  those  containing  a  member  of 
Hj .  Then 


Pkl  »  ]»i 

I  El  l; 

The  same  result  holds  if  k  <  j  and  includes 
of  S  contained  in  members  of  Hj . 


all  k-element  subsets 


Proof.  We  prove  the  lemma  for  k  >  j,  the  other  case  being 


similar.  The  members  of  Hj  can  be  contained  in  members  of  7^  in  at 


leas  t 

i  i 

C  M 

i) 

| Hj  |  ways  and 

at  most 

IS) 

hki 

In  -  j 

U  -  j 

S) 

lTfcl 

Since 

IE  E  SI 

II 

r— H 

1 

^  T-> 

[£] 

[iV 

the  result  follows. 


Theorem  1.7  (Sperner  [13])  Let  S  be  a  set  of  order  n  and 
let  A  be  a  primitive  family  of  subsets  of  S.  Then 


A  < 


Proof.  We  shall  apply  Lemma  1.6  repeatedly  to  replace  the 


family  A  by  a  primitive  family  at  least  as  large,  all  of  whose  members 
have  [n/2]  elements. 


jj. 


14  - 


Suppose  that  the  largest  members  of  A  have  m  elements, 
where  m  >  [n/2]  .  Let  us  denote  by  the  family  of  all  (m-1) 

element  subsets  of  S  which  are  contained  in  members  of  A(ra)  .  By 
Lemma  1.6,  | C  C10- 1 )  |  >  |A^m^  |  .  Furthermore,  since  A  is  primitive  it 

is  apparent  that  A  'v  A^m^  (^J  is  also  a  primitive  family  whose 

largest  members  are  of  size  (m-1).  Since  A  and  are  disjoint, 

|  A  'V'  A^  U  |  >  |  A  |  . 

After  repeating  this  procedure  a  sufficient  number  of  times 
we  obtain  a  primitive  family  A^  ,  each  of  whose  members  has  at 
most  [n/2]  elements,  such  that 

1 A |  i  |Ai|  . 


Applying  a  similar  procedure  to  the  smallest  members  of 
Aj  we  will  eventually  obtain  a  primitive  family  A2,  each  of  whose 
members  has  exactly  [n/2]  elements,  such  that 

I'M  -  I'M  * 


As  there  are 
therefore  have 


I  n 

I [n/2] 


subsets  of  S  of  size  [n/2] 


we 


Theorem  1.8  (Kleitman  [ ll] )  Let  S  be  a  set  of  order  n  and 


let  A  be  a  primitive  family  of  subsets  of  S.  Then  if  A  has  at  least 

k 

members,  k  5  [n/2],  B(A)  has  at  least  j  \  members. 
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Proof .  Our  proof  will  be  similar  in  method  to  that  of 
Sperner’s  Theorem.  Applying  Lemma  1.6  repeatedly  we  will  transform 
the  family  A  to  the  family  A'  of  all  (n  -  k)-element  subsets  of  S 
in  such  a  way  that 

I  8(A)|  i  |8(A'  )|  =  £.(“)-£(“)• 

j=n-k  j=0 

Let  m  =  min{h  :  AO1)  +  ({>}  .  Without  loss  of  generality, 

we  may  assume  that  m  <  n  -  k  .  Let  C(m+1)  be  the  maximal  family 

of  (m  +  l)-element  subsets  of  S  each  of  which  contains  some  member 
of  A(m).  Since  A  is  primitive,  we  must  have  A  =  <p  . 

If  |  c(m+l)  |  >  |  A  (m)  |  ,  we  will  denote  by  any  |  A (m)  |  _  sized 

subfamily  of  A(m);  otherwise  we  will  let  c(m+l)  be  C . 

We  define  an  operation  on  primitive  families  by 
X(A)  =  A  V  AO)  UC(m+1)  . 

Then 

(1.8.1)  | X(A)  |  -  | A |  =  |c(m+1>|  -  |A<m)|  . 

Since  'c(m+D  q  B(A),  8(X(A))  =  8(A)  v  A(m>  and 

(1.8.2)  | B(X(A) ) |  -  |  8(A) |  =-  | A |  . 

If  IC^1)!  >  \A^\  ,  then 

|8(X(A))|  -  | 8(A) |  <  0  =  |x(A) |  -  |A|  . 

On  the  other  hand,  if  |C(nrKL)|  <  |A^m)|  ,  by  Lemma  1.6,  we  must 


. 
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have  m  >  n/2 


and 


Hence 


C (m+1) |  _  | A (m) | >  _ | A (m) 


Since  m  >  n/2 


1  - 


n  1 

m+l  I 

n 
m 


>  0  .  Thus,  by  (1.8.1)  and  (1.8.2) 


we  have 


(1.8.3)  |B(X(A))|  -  | S(A) |  i  K{ |x(A) |  -  | A | } 


in  either  case,  where  K  is  a  sufficiently  large  constant. 


As  X(A)  is  primitive  we  can  apply  the  operation  X  again. 
After  n  -  k  -  m  such  applications  of  X,  we  obtain  the  primitive 
family  Xn_^_m(A)  ,  whose  smallest  members  have  n  -  k  elements. 

At  each  step  (1.8.3)  holds,  so  for  i  =  l,...,n  -  k  -  m  , 

|8(xi(A))|  -  |B(Xi"1(A))|  i  K  { | xi (A) |  -  |xi-1(A)|}  . 

» 

n-k-m  n-lc-m 

Then  {  |  j5(Xi(A)  |  -  |  B(Xi“1(A))  |}  <  K  {  |  X1  (A)  |  -  |xi"1(A)|} 

i=l  i=l 

and 

(1.8.4)  |8n-k-m(A))|  -  | B(A) |  <  K{ | Xn-k-m(A) |  -  |x(A)|)  . 

Before  we  can  remove  the  members  of  X^1  k  m(A)  having  more 
than  n  -  k  elements,  we  must  ensure  that  we  shall  be  able  to 
determine  how  many  members  of  8(Xn  ^  m(A))  will  be  removed  at  the 


. 

" 
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same  time.  To  do  this  we  modify  Xn“k_m(A)  slightly. 

Let  us  denote  by  the  family  of  j-element  subsets  of  S 

and  let  P  be  any  primitive  family  of  subsets  of  S.  Let 

p  =  max  { h  :  p(h)  =j:  <}>}  ^ 

P2  =  max  {j:  flB(P)  =)=  , 

and  P  =  max  { p1 ,p2>  . 

We  now  replace  P  by 

Y(P)  =  P  U(S<P)  ^  (B(P)  Hs(P)))  . 


If  p  >  p2  »  Y(P)  =  P  and  B(Y(P))  =  B(P)  .  Otherwise 
B(Y(P))  -  B(P)U(S(p)  ^  (B(P)  f|s(p))),  since  for  all  r  >  p  we  have 
C  B(P)  .  Therefore,  in  either  case,  |B(Y(P))[  -  |B(P)|  =  | Y (P) j  - 
In  particular, 

(1.8.5)  j B(YXn-k_m(A) ) |  -  | B(Xn-k_m(A) ) |  =  |YXn"k"m(A) |  -  |xn-k"m(A)| 


Again,  let  P  be  any  primitive  family  of  subsets  of  S  and 


n+1 


suppose  that  the  largest  members  of  P  have  order  p  > 

B(P)  ^  S<r>  for  rip,  we  shall  say  that  B(P)  is  full.  Let 
p(p-l)  =  s(p-i)  n,  (8(P)  Hs^P"1))  .  Then  P(H)f|  P  =  . 


If 


We  define  an  operation  Z  on  P  by 


Z (?)  =  P  v  P(P)  U^(P_1) 


We  then  have 

(1.8.6)  \Z(?)\  -  |P|  =  |P(p-1)|  -  |P(p)|  . 


, 

. 
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The  largest  members  of  _ Z(P)  have  p  -  1  elements  so  B(Z(P))  is 
full.  If  8(P)  is  also  full,  then 

(1.8.7)  1 8(Z(P) )  |  -  |B(P)|  =  |p(P"D|  . 


Since  P  is  primitive,  every  (p-l)-element  subset  of  each 
member  of  P^  is  a  member  of  S^P-1)  %  (8(P)  P)s(p-l))  =  p(P_1) 


Thus,  by  Lemma  1.6, 


9 


and 

| p(p-l) |  - 

Since  p  > 

n+1 

i  l  pl 

2 

’  [  n  \ 

ip-ll 

1  - 


n 

P-1 


>  0  .  This  together  with  (1.8.6)  and 


(1.8.7)  gives 

(1.8.8)  |8(Z(P))|  -  1 B CP) |  S  K{ | Z (P) |  -  |P| }  , 

where  we  can  choose  K  to  be  the  constant  of  (1.8.3). 
Finally,  since  £>(P B(P)  =  <p ,  Z(P)  is  primitive. 


The  smallest  members  of  the  primitive  family  YXn-^“m(A) 

n+1 


have  order  not  less  than  n  -  k  £ 


,  and  without  loss  of 


generality,  the  largest  members  have  order  p  >  n  -  k  .  We  can 
therefore  apply  Z  to  YXn_^c_in(A)  p  -  n  +  k  times.  As  B(YXn“^+m(A) ) 


is  full,  we  have,  for  i=l,...,p-n+k, 


. 


. 
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|  B(Z1YXn“^c~m(A) )  |  -  |  B(Zi“1YXn“k“m(A))  | 

-  K{ | Z^YXn-k~m(A) |  -  |zi"lYXn-k-m(A)|}  . 

Summing  over  i  gives 

(1.8.9)  | B(zP-n+kYXn”k-m(A) ) |  -  |B(YXn"k"m(A)) | 

-  K{ |zP-n+kYxn-k-m(A) |  -  | YXn_k“m(A) ) |  . 

Adding  the  Inequalities  (1.8.4),  (1.8.5)  and  (1.8.9)  gives 

|8(ZP-n+kYxn-k-m(A)) |  -  | 8(A) |  <  K{  | zP-n+kYXn-k-m(A) |  -  | A | }  . 

But  every  member  of  ZP-n+kYXn_k_m(A)  has  order  n  -  k  and 

B (ZP~n+kYXn-k-m (A) )  is  full.  Thus  zP-n+kYXn~k-m(A)  =  S(n-k) 

and  8(zP  n+kYXn-k_m(A) )  =  M  SO)  .  By  hypothesis,  f  A  |  - 

j=n-k  '  k 

Therefore 


Z(  j)  -  |8(A)|SK{ 

j=0 


n 

k 


-  |A| }  <  0 


and 


8(A) 


i  *  y 

'  (nl 

1  L 

,  IjJ 

j=0 


proving  the  theorem. 

We  will  use  the  theorems  of  Sperner  and  Kleitman  to  prove 
the  following  theorem  of  Erdos,  Sarkozi,  and  Szemeredi  [8  ]  . 


Theorem  1.9  Let  S,  Si  and  S2  be  sets  with  S  =  S-^U  S2  , 
SiH  S2  =  <f>  ,  where  |  Sj_  |  =  k ,  |  S2  |  =  m,  m  £  k.  Let  Ai,A2,  .  . .  ,Ar 
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be  a  primitive  family  of  subsets  of  where 

ok+m 

r  >  c,  — - 

/k+m 

Let  B^,B2 , . .  .  ,  B  t  be  the  (distinct)  subsets  of  S  of  the  form 

(1-9.1)  Ai  Ur  i  =  1 . r  , 

with  R  running  through  all  the  subsets  of  S2  .  Then  for  m  >  n^Cc^' 

t  >  c2  2k+m  , 

where  c2  =  c^Cj) 


Proof.  We  partition  the  family  of  A's  into  2^  classes, 
where  and  Aj  are  in  the  same  class  if  and  only  if 

AfOs^  =  Aj  Os^  . 

If  A^  and  Aj  are  in  the  same  class,  then  A-^O  S£  cannot 
contain  Aj  Os2  ,  otherwise  A^  would  contain  Aj  .  Thus  the 
family  (A^  Os2)  ,  for  all  A^  in  a  fixed  class,  is  primitive.  By 
Sperner’s  theorem  and  Stirling’s  formula,  each  class  therefore 
contains  at  most 


m 

[m/2] 


<  c 


2m 

v^ 


A' s . 


There  exists  a  positive  constant  c3  =  c^c^  such  that 

2ra 

at  least  c32k  classes  have  more  than  c3  -j=.  members  each.  For  if 


■ 
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not,  the  total  number  of  A’s  would  be  at  most 


k  „  2^  ^  N  ok  2m . 2 


k+m 


c32  c  7=  +  C1  "  c3)  2 c,  ~  ^  c,(c  +  1) 


3  v'm  "  3 


/m 


but  at  least 


>k+m  C-  ok+m 


>  L 


3  /k+m  V2 


a  contradiction  for  c3  sufficiently  small.  Using  Kleitman’s  theorem, 

J 

we  count  the  number  of  sets  B  formed  from  the  A’s  in  one  such  class  C, 


Firstly  we  show  that  there  is  a  positive  constant 
c4  =  c4(c3)  =  c4(c2)  such  that 


(1.9.2) 


ml  2ra 

pi  "  °3  4T 


where  p  = 
we  have 


m 

2 


c4  /m 


.  By  Stirling’s  formula 


log 


m  +  -j)  log  m  - 


P  +  | 


log  p 


m  -  p  + 


log  (m  -  p)  +  0(1)  . 


1 

”+  2 

log  m  - 

m  .  r~  , 
—  +  c.  vm  + 


log 


log 


m 

2 


m 

2 


1  - 


1  + 


2C4 

v/m 

2c, , 


/m 


+  0(1) 


=  m  log  2  - 


-  log  m  - 


2  2 


log 


1  +  -7=r-\  +  log 
vm 


1  - 


2c4 

/m 


-  c4/m 


log 


1  + 


2c, 


m 


-  log 


1  - 


2c, 


4T 


+  0(1) 


. 
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Using  Taylor  series  expansions,  we  have,  for  in  sufficiently  large 


2c, 


log 


1  + 


2c4 

~Vm 


+  log 


1  - 


2c, 


4c, 


-  2 


/m 


m 


0  1  -  t' 


dt 


^+o(i 

m  l  m 


and 


log 


1  + 


2c, 


v/in 


-  log 


1  - 


2c, 


2c, 


4c, 


v'in  I  i/m 


+  2 


r  4 

J  0  ~ 


t2 


dt 


4c4  l_l_ 

V5T  I  J£l  ’ 


Therefore 


log  |  pj  -  m  log  2  -  ~  log  m  +  2c42  -  4c42  +  0(1) 


=  m  log  2  -  -y  log  m  -  2c42  +  0(1) 


and  after  a  suitable  choice  of  c4  ,  we  have  (1.9.2)  . 


Similarly,  there  exists  a  positive  constant 
c5  =  c5(c3)  =  c^Cj)  ,  with  c5  >  c4  ,  such  that 


(1.9.3) 


m 

q 


m 


>  2_ 

2  4T  ’ 


where 


q  = 


f-c5^ 


The  family  of  all  sets  B  of  the  form  (1.9.1)  is 
B({Ains2  :  Ai  e  C}>  .  By  (1.9.2),  |  {Al  Hs2  :  AjL  e  C}  |  =  | C|  2  |  ” 


‘ 


t 

• 
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Hence  by  Kleitman's  theorem,  and  (1.9.3) 


j=0 


lm\  >  s 

ri  m\ 

J I  ~  2 

LI  j) 

j=q 


=■  (=5  -  -f  2™  =  c62“ 


proving  the  theorem,  since  there  are  classes  with  Cg2ra  members 


Theorem  1.10  Let  S  be  a  set  of  n  elements  and  let 
Bi,...,Bz  ,  z  >  c^11  be  subsets  of  S.  Then  if  n  >  n^Cj)  , 
one  of  the  B's  contains  at  least  explc^^  logn}  of  the  B’s,  where 

C2  =  C2^CP  * 

Proof.  We  first  show  that  it  is  sufficient  to  consider 
only  certain  of  the  B's. 


Using  Stirling's  formula,  and  an  argument  similar  to  that 
employed  in  the  proof  of  the  previous  theorem,  it  can  be  seen  that 
for  n  >  n^c-^)  there  exists  a  constant  c3  =  c^(c^)  such  that 


I 


+ 


I 


n 

J 


*  |  ci 2 


n 


1 

"  4Z 


.  n  , 

J  ^  ^T  +  c. 


j^f  +  c3/S 


Thus  we  can  assume  without  loss  of  generality,  that 


(1.10.1)  ^  -  c3/n  <  | B± |  <  ~  +  c3/n  i  =  l,...,z  . 

Let  B^)  be  the  family  of  j-element  B's  and  g(j)  =  |8^|  . 

I  n\  2n 

Since  for  each  j,  g(j)  -  (  j)  <  »  there  must  be  a  Positive  constant 


Upp 


. 
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c4  c 4  ( c i )  such  that  there  are  more  than  c^/n  j 's  for  which  g(j) 

is  non-zero.  For  if  not,  z  =  ^Tg(j)  ^  c ^  c~  <  z  ,  for  c, 

J 

sufficiently  small. 


Denoting  by  £'  the  summation  over  all  j's  for  which 


g(j)  <  ^Cj  ^  J  we  have 


T, g(j)  sic>  El" 


i 

<2  2 


j=l 


Therefore,  we  can  also  assume  that  either  g(j)  =  0  or  g  (j )  >  ~  c  1  j  J . 


Let 


s  = 


+  2 


For  n  >  n0(s)  =  ^(0^  there  is  a  sequence  j  1  <.  .  .<js  satisfying 


(1.10.2) 


8(Jr)  >  T  C1  ( jr) 


r  =  1, . . . ,s 


since  there  are  more  than  c^/n  j's  for  which  g(j)  >  0.  Furthermore 
since  there  are  at  most  2c^/n  j's,  the  sequence  can  be  chosen  to 
satisfy 


(1.10.3) 


>  jr  -  jr_-^  >  C5 /a 


r  =  2  , .  . .  ,s 


where  c5  =  05(0^  >  c3 


By  Stirling's  formula,  (1.10.1)  and  (1.10.2)  we  have 


log 


Jr  )  =  jr  log  jr  - 
Jr-r 


i  r-1  +  0  lo8  J  r-1 


. 


. 


. 

■ 
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“  [  Jr  "  jr-l  +  2  1  log  jr  “  Jr-1  + 


>  (jr  -  jr-i)  log  jr  -  ( jr  -  jr_x  +  I]  log(jr  -  j^)  +  0(1) 

>  c5/n  log  n  -  2c3Sn  log  +  o(/n  log  n) 


>  c.v^n  log  n. 


Thus 

(1.10.4) 


Jr-1 


>  exp{c7n  log  n}  . 


Denoting  by  B*,...,B*  all  the  members  of  the  families 
8^ r) ,  r  =  l,...,s  ,  we  shall  show  that  there  is  a  B*  which  contains 
at  least 


(1.10.5)  exp{c2/n  log  n} 

B’s,  where  c2  =  —  cg  . 

Suppose  that  for  sufficiently  large  n,  (1.10.5)  is  false. 
Let  I^r)  be  the  family  of  subsets  of  S  containing  at  least 
exp{c^yn  log  n}  sets  B.  Then  i Ur)  n BUr)  =  *  .  Set 
l/(Jr)  =  j(jr)(J  .  Then 

(1.10.6)  =  |I^r)|  +  |  B(Jr>  |  >  |  jCJr>  |  +  j-  Cl(  “  ]  . 

The  theorem  will  be  proven  by  showing 

I"'1-’!  >  (,")  ■ 


(1.10.7) 


, 
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To  obtain  this  contradiction,  we  will  find  a  suitable  lower 
bound  for  |l/(Jr)|  for  all  r  ^  s  .  Specifically  we  show 
that  for  r  ^  s 


(1.10.8) 


|l/(Jr)|  >  (r  +  o(i))  I  Cj 


n 

ir: 


For  r  =  1,  we  clearly  have 


l/CJ  l )  |  >  |B^i) 


Suppose  (1.10.8)  is  true  for  r  -  1  . 
Now  there  are  |l/(dr-l) 


ways  in  which  some 


n  “  dr-1 
dr  "  J r— 1  j 

subset  of  S  having  j  elements  can  contain  some  member  of  l/(dr-l) 

n  "  d  r_! 
d  r  "  d  r_ii 

a  given  member  of  l/(dr-l)  .  The  members  of  I  (dr)  each  contain 


since  there  are 


subsets  of  S  with  jr  elements  containing 


at  most 
n 


dr 
dr-lj 


members  of  V 


.  As  for  the  remaining 


r 


-  |j(dr-l)|  subsets  of  S  with  jr  elements,  since  none  of  them 

are  members  of  l(dr)  ,  none  can  contain  a  member  of  i(dr-l)  . 

Also,  since  none  are  members  of  I  (dr)  ,  each  contains  fewer  than 
exp { c 2 /n~  log  n}  B’s  and  therefore  fewer  than  exp{c2v/n  log  n} 
members  of  l/(dr-l)  .  Thus 


(1.10.9)  |l/(dr-l) 


n  "  dr-l 
dr  "  Jr-1 


I  (dr)  | 


dr 

n 

• 

+ 

d  r-1' 

dr/ 

exp{c9/n  log  n) 


or 


I Cjr>  |  >  |l/(dr-l>| 


n  -  jr_!l 
dr  ”  dr-li 


dr 
dr-1 


-1 


. 


■ 

"" 

. 
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Using  (1.10.4)  with  c2 


~2  c6  and 


n- 

Jr 

-1 

n  ' 

-1 

'  n 

jr  “  J  r-li 

i  Jr-1( 

,  Jr-1 

,  Jr, 

we  obtain 

(1.10.10) 


|j(jr)|  >  |  r-l>  | 


n 

-1 

n ' 

Jr-lJ 

expl-c^v^n  log  n} 


Since  (1.10.8)  is  assumed  to  hold  for  r  -  1  , 


(1.10.11) 


>  (r  -  i  +  0(1))I  Cl 


n 


(1.10.11)  and  (1.10.6)  give  (1.10.8)  for  r,  and  therefore  for  all 


r  -  s  .  But  for  r  =  s,  (1.10.8)  implies  (1.10.7),  and  this 


contradiction  proves  Theorem  1.10. 


■ 

. 
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CHAPTER  II 


PRIMITIVE  SEQUENCES 

The  study  of  primitive  sequences  has  been  concerned  chiefly 

with  the  determination  of  the  density  of  such  sequences  and  the 

behaviour  of  the  sum  E  —  ,  {a^}  a  primitive  sequence,  as  n  tends 

a-j£n  i 

to  infinity.  In  this  chapter,  we  shall  obtain  results  in  these  areas. 

§  2.1  Asymptotic  and  logarithmic  density  of  primitive  sequences. 

Given  an  infinite  primitive  sequence  A  =  {a^}  ,  it  can 
easily  be  seen,  by  considering  the  associated  sequence  {m^}  ,  where 
m-j^  is  the  largest  odd  divisor  of  a^  ,  that  the  density  of  A  is  not 
greater  than  1/2.  Behrend  [2],  however, proved  that  no  infinite 
primitive  sequence  can  have  dA  =  1/2. 


Theorem  2.1  If  A  is  an  infinite  primitive  sequence,  then 

dA  <  1/2  . 

Proof.  Let  2a  be  the  largest  power  of  2  dividing  all 
ai  £  A  and  let  k  be  the  least  integer  for  which  2a  | |  ak  . 

For  a  given  x  and  each  aj.  let  =  [(log  x  -  log  a^)/log  2] 
and  let  Mx  be  defined  by 

Mx  =  {a-^i  :  i  *  k,  a±  <  x}  U  Uku  :  u  odd,-—-  £  u  £  —  }  . 


J 


’ 
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The  elements  of  Mx  are  all  distinct,  for  if  a±2a±  =  aj2aj  , 
(we  can  assume  oj  ^  a±)  then  aj | a±  .  If  ai2ai  =  aku  ,  then  since 
2a+1  |  aku  but  2«|ai  ,  we  must  have  a*  =  0  and  ak|aq  .  Also,  if 
m  z  then  -  m  ^  x  .  This  is  clear  if  m  =  aku  ,  since 

~2a^_  ~  u  ~  •  If  m  =  aq2ai  ,  the  inequality 


log  x  -  log  a±  _  <  log  x  -  log  a± 

log  2  1  log  2 


gives  -  aq2ai  -  x  . 


Now  Mx  contains  A(x)  +  +  0(1)  elements,  so  that 


A(x)  +  -  f  +  0(1)  • 


Thus 


dA  =  lim  sup 

X  ->  co  x 


A(x)  <  JL 
"  2 


1  1 
4ak  "  2 


While  any  primitive  sequence  must  have  upper  density  less 
than  1/2,  there  are  sequences  whose  upper  density  is  arbitrarily  close 
to  1/2.  We  shall  construct  such  a  sequence  in  the  following  way. 

QQ 

Let  ^lk^k=l  be  a  sequence  of  integers  such  that  Tk  >  2  Tk_q  for 


k  =  2,3,...  .  Let  IT  =  {t  :  Tk  <  t  f  2  Tk}  .  Although  each  IT 

k  k 

is  clearly  primitive,  their  union  may  not  be,  but  we  can  adjust 

UlT  to  obtain  such  a  sequence  as  follows.  Let  =  Iq^  and  for 

k  >  1  let  lL  be  the  set  obtained  from  Zq  by  deleting  all  the 

k  ,  k 

multiples  of  the  integers  in  Iq.  for  j  <  k  .  Then  LJ^q  Is 
primitive.  We  shall  show  that  if  Tq  is  large  enough  and  if  the  Tk 


. 


. 


' 

• , 
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increase  rapidly  enough,  then  the  upper  density  of 
to  1/2. 


is  close 


We  first  prove  a  theorem  of  Erdos  [ 6  ].  In  what  follows, 
we  denote  by  N  the  set  of  natural  numbers. 


Theorem  2.2  Let  IT={t  :  T  <  t  ^  2  T}  and  let 

S(IT)  =  {nt  :  n  e  N,  t  e  IT}  .  Then  lim  d  B(Tt)  =  0  . 

T  -*  oo 

Proof.  Let  e  >  0  be  given.  Denote  by  the  set 

(n  e  N  :  fi-p(n)  <  loglog  T}  and  by  N^)  the  set 

2 

{n  e  N  :  fi-p(n)  >  —  loglog  T}  ,  where  ft^n)  is  the  number  of 
prime  power  divisors  pa  of  n  with  p  5  T  . 

We  will  prove  the  theorem  by  applying  Corollary  1.5 , 
namely  that  for  our  given  e,  and  n  >  T  >  T0(c)  ,  the  number  of  u  ^  n 
for  which  |ft<j>(u)  -  loglog  T|  -  -j  loglog  T  is  less  than  eT  . 

Let  E(n)  =  B(I-p)  n  [1,  n]  .  Each  number  e  in  E(n)  is 
of  one  of  three  types: 

Type  1  e  =  t^m  where  t^)  e  O  1^,  .  If  T  is 

large  enough,  there  are  at  most  2  T  e  such  t^^’s  .  Therefore  E(n) 
has  at  most 

E  prrr <  t  E  *  <  2en 

t^W^ni-r  t  e  N  f)I  x 


numbers  of  this  type. 


. 

- 


31  - 


m 


Type  2  e  -  t^2)  m(l)  where  t^)  e  n^2)  Ol-p  and 
(1)  e  .  There  are  at  most 


E  [-[? 


<  ne 


tC  X nr*  m 


tcb 


numbers  of  this  type  in  E(n)  if  n  is  sufficiently  large,  say  n  >  2T2 

Type  3  e  =  t^2^  m^2^  where  t^2^  e  N^2^  O  1^.  and 
m^2^  £  N^2^  .  Since  fi-j>(t^2-^  m^2^)  >  loglog  T  there  are  at  most 
£  n  numbers  of  this  type  in  E(n)  . 


Hence  |E(n) |  <  2cn  +  en  +  cn  =  4en  for  T  >  TQ(e)  and 

O 

n  >  2TA  .  Since  £  is  arbitrary,  the  result  follows. 


Theorem  2 . 3  (Besicovitch  [3  ])  For  any  £  >  0  there  is 
primitive  sequence  A  with  dA  >  -  e  . 

Proof.  The  set  S(X^)  is  the  union  of  congruence  classes 
mod  (2T) !  .  Thus  for  m  >  (2T) !  any  set  of  m  consecutive  integers 
contains  at  most  d  S(X-j-)  2  m  members  of  B(Xrp)  . 


Let  e  >  0  and  set  = 


1 

2 


£  .  By  Theorem  2.2  a  sequence 


* 

{T1,T2,...}  of  integers  can  be  chosen  so  that  d  8(IT  )  <  and 

1c 

Tk+1  >  (2Tk) !  •  As  we  saw  Previously,  a  primitive  sequence  A  may 

00  00 

be  constructed  from  IT  by  taking  A  =  U  Ti  where 

K=1  Lk  k=l  Lk 

i  k-1 

=  Jrj,  %  J^J  S(Jrj,  )  .  Fo r  each  k,  has  at  least 


r=l 


k-1 

-E 


Tif  -  dB(IT  )  2Tk  >  Tk(l  -  2c) 
r=l  r 


. 


' 


' 
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elements  so  that 

dA  >  lim  Tk(l-  2e)/(2Tk)  =  j  -  e  . 

k-K>0  ^ 

The  primitive  sequence  A  constructed  in  the  preceding 
theorem  has  the  property  that,  while  A(n)  >  (-j  -  e)  n  for  infinitely 

many  values  of  n,  A(n)/n  is  also  arbitrarily  small  infinitely  often. 
This  suggests  that  the  lower  density  of  any  primitive  sequence  A 
may  be  0.  More  than  this  is  true,  however;  we  will  prove  that  6A  =  0  . 


Theorem  2.4  If  A  is  a  primitive  sequence,  then 

- 7— -  =  0(1).  Equivalently,  )  — : — -  converges 

ailog  a±  4  ailog 

a±zA 


a^ln 


Proof.  For  a^  e  A,  let  p-j_  be  the  largest  prime  factor 
of  a Let  be  the  sequence  of  natural  numbers  all  of  whose 

prime  factors  are  larger  than  p^.  Let  R^^  =  a-pS^\  that  is,  R^^ 
is  obtained  from  by  multiplying  each  number  in  by  a±. 


For  i  4  j,  Or(3)  =  <J>  since  if  a-jsp)  = 

(we  can  assume  p^  <  pj)  then  a-jJaj  .  Hence,  for  all  n, 
n 

]T  dR^)  <  1  . 


a-s(j) 

aJs2 


i=l 


Now 


n  ->  00  ,  we  get 


dR(i> .  _l  dS(i>  =  jl  n 


i  - 


p<Pi' 


so  that,  on  letting 


i=l  P-Pi 


^  1  .  Since 


P^Pi 


i-i 

P 


log  pj^  log  ai 


by  Theorem  1.2,  we  conclude  that 


.  •* 


. 


' 


. 
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w 

y .  -i--.. 

a±lqg  a± 


=  0(1)  . 


Theorem  2.5  Every  primitive  sequence  has  logarithmic 


density  0. 


Proof.  It  is  clearly  enough  to  show  that  6A  =  0. 


Let  n  >  N  £  1.  Then 


— i —  y  a  =  — - —  y  -  +  — - —  y  — - 

log  n  l_,  a±  log  n  Z_.  a±  log  n  L  ai 


a^n 


a^<N 


N<a^n 


so  that  6A  =  lim  sup  .. 

n  ->  oo  log 


- —  y  —  =  lim  sup  . 
g  n  a±  n  °o  log 


a-;  -^n 


- —  y  —  . 

g  n  a± 

N<ai^n 


Now 


_l_  v  ±<  y  _ i —  <  y  —i — 

log  n  (_>  a±  Z_.  ai  log  ai  Z_.  ailogai 

N<ai<n  N<ai^n  N<ai 


and  by 


Theorem  2.4 


y  -T-i—  =  ° 

im  Z-j  ailog  ai 


lim 
N+00  N<ai 


Thus  6A  =  0  . 


§2.2  The  Behrend-Pillai  Theorems. 

By  Theorem  2.5,  all  primitive  sequences  have  logarithmic 
density  0.  An  equivalent  statement  to  this  is  that 


— j—  y  — 

log  n  L  ai 
a^n 


o(l) 


as  n  -*■  00 


- 
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for  every  primitive  sequence  A  =  {a^  .  We  discuss  in  this  section 
the  Behrend-Pillai  theorems  which  give  much  more  accurate  information 
about  the  behaviour  of 


Theorem  2.6  (Behrend  [ 2  ])  There  exists  a  constant  c 
such  that  for  any  primitive  sequence  A  =  {a^} 


log  n 


a.,*  ^n 


1  .  1 
—  <,  c  -7==== 
ai  /loglog  n 


,  n  >  3  . 


Proof .  For  any  natural  number  u,  let  d^(u)  be  the 
number  of  divisors  of  u  which  are  also  members  of  A.  Then 


I  dl<u>-  Y.  1  =  Y 


u^n 


ma-j_-n 


a-;  ^n 


n 


-»  Y  ± 

^  ai 


+  0(n)  . 


an‘  _n 


Hence 

(2.6.1) 


1  1 


a^  n 
ai<n  u£n 


d1 (u)  +  0(1) 


Behrend  obtained  his  result  by  finding  a  bound  for  d^ (u)  . 


uin 


Let  d2(u)  be  the  number  of  elements  in  a  maximal  primitive 
set  of  divisors  of  u;  that  is,  a  maximal  set  of  divisors,  no  one  of 
which  divides  any  other.  Then  dj (u)  ^  d£(u)  .  We  shall  first 
consider  primitive  sequences  all  of  whose  terms  are  square-free.  In 
d  (u)  ^  d?(v)  where  v  is  the  square-free  part  of  u. 


this  case 


. 


. 
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So  let  us  suppose  v  is  square-free.  As  detailed  in  Chapter 
I,  we  can  make  a  correspondence  between  the  prime  factors  of  v  and 
the  elements  of  any  set  S  of  order  u)(v)  .  Under  this  correspondence, 
any  primitive  set  of  divisors  of  u  will  be  associated  with  a  primitive 
family  of  subsets  of  the  set  S. 


S  has  at  most 


By  Sperner's  Theorem,  every  primitive  family  of  subsets  of 
o)(v) 


[co  (v)  /  2  ]  / 


elements.  Thus 


d2(v)  < 


\ 


w(v) 
[w(v)/2] 


\ 


and  for  any  u 
By  Stirling's  formula, 


j  /  \  <  I  w(u) 
dl(u)  -  [w(u)/2] 


n 

[n/2] 


<  c 


2n 
1  /n 


Therefore,  by  (2.6.1), 


I 


a^<n 


_l  <  c  I  _ 

a-j  1  n  /_ _ i  /a)  (u) 

u^n 


2w(u) 


+  0(1)  . 


For  any  k  >  1  , 


u5n 


2w(u) 

/co(u) 


z 


u^n 

a)(u)-k 


2w(u) 

A>(u) 


-  z 

u-^n 
a)  (u)  >k 


2w(u) 

/wCuT 


*iZ  2"“  • 

ui  n 


Now  2“(u)  <  d(u)  and  V  d(u)  S  2n  log  n  ,  where  d(u)  is  the 


u-n 


" 
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number  of  divisors  of  u. 


Thus 


I 

u^n 


2w(u)  2k  2 

.  7^  '  n  *  +  K  n  108  n 


For  n  ^  3  ,  choosing  k  =  [loglog  n]  gives 


2k  <  log  n  and  Y  ^ L  <  3  n  loS  n 

t— j  v  (jo  (u)  /loglog  n 


Hence 


£ 


£  C 


log  n 


a-j_^n 


7*  ai  2  /* loglog  n 


for  n  £  3  , 


for  primitive  sequences  A  whose  terms  are  square-free. 

To  prove  the  theorem  in  the  general  case,  let  A  be  any 
primitive  sequence,  and  {a|^^}  the  subsequence  of  A  all  of  whose 

O 

terms  have  greatest  square  factor  k  .  For  each  i  e  N  , 
a.p^  =  k2q^k^  where  qP^  is  square  free.  Thus 


7  -  = 

Z _ .  a,- 


a^-n 


E  k2  E  qjk) 

k=l  „ (k)  n  4i 
qi  -k2 


-  E  F  E  TP 


WT 


k  1  q(k)<n  1 


By  what  has  been  proven, 


E  „ (k)  " 


l°.g IL 


/loglog  n 


' 


. 
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Therefore 


00 


y  _L  <  c  -  ipg n  y  i. 

a±  2  /loglog  n  £—>  k' 
a^n  k=l 


=  c 


log  n 


/loglog  n 


It  is  also  possible  to  bound  sup 


V  i 

ai 


from  below, 


a^<n 


where  the  supremum  is  taken  over  all  finite  primitive  sequences 
A  C  {l,2,...,n}  .  This  was  first  done  by  Pillai  [l2]  . 

Theorem  2 . 7  There  is  a  c’>  0  ,  such  that,  for  any  n  ^  3  , 
there  exists  a  primitive  sequence  A*  *=•  {l,2,...,n}  for  which 


(2.7.1) 


log  n  a 

azt 


2.  C 


/loglog  n 


Proof.  For  r  ^  1  let  {b^  denote  the  sequence  of 

square-free  integers  having  exactly  r  distinct  prime  factors.  This 
sequence  is  clearly  primitive.  We  shall  prove  that  if  r  =  [loglog  n] 
then  the  sequence  A’  of  all  the  terms  of  b^  '  which  are  not  greater 
than  n  satisfies  (2.7.1). 

By  (1.1.1)  and  (1.1.2)  we  can  choose  c1  so  that,  for 


n  >  c 


1  * 


(2.7.2) 


and 


z 

p-n 


I  ; 


^  loglog  n 


(2.7.3) 


z 

p<n 


p 


^  2  log  n  . 


' 

. 
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Since  it  is  sufficient  to  prove  (2.7.1)  for  large  n,  we  shall  assume 
(2*7.4)  loglog  n  >  8  . 

Also,  we  shall  assume  that 


(2.7.5) 


r  ^  2  (loglog  n  -  4)  . 


Lemma  2 . 8 


Let  Ar(n)  =  ^ 


(r) 


b«*n  1 


Then 


A  (n)  >  C°gl°g  "  -  *)r 
r  r ! 


provided  that  n  >  c^ 


r-1 


Proof.  By  (2.7.2)  the  lemma  is  true  for  r  =  1.  Let 


us 


9r  9(r+l)-l 

suppose  it  is  true  for  r  >  1  and  let  n  >  c^  =  c( 


Then 


(r+1)  A^fa)  £ 


y  _j^_>  r  i 

4-  pb(r)  "  Z,  p 


/  \ —  pb  ) 

pb  ^n  i 
r  l 


P  r 


>^»^n 


n 


n  .  2r— 1 


Now  p  1  v'n'  implies  —  >  Cj  ,  so  that,  by  the  induction  hypothesis, 


(r+l)  Ar+1(n)  i 


»<^n 


n 


loglog  —  -  4 


=  (loglQR  n  -  4)r  T 


r! 


(n) 


where 


t  r  (n) 


p</n 


1  + 


log(l  -  (log  p) / log  n) 

loglog  n  -  4 


* 

. 
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We  complete  the  proof  by  induction  by  showing  that 

2n 

Tr(n)  >  loglog  -  4  for  n  >  Cj 
We  have  p  £  /n  so  that 


0  <  -  log 


1 


log  P 

log  n 


< 


(2  log  2) 


log  P 

log  n 


Therefore 


1  j  log ( 1  -  (log  p ) / log  n) 

r 

> 

1  (2  log  2) (log  p)/log  n 

loglog  n  -  4  i 

loglog  n  -  4 

(2  log  2)  r  (log  p)/log  n 

loglog  n  -  4 


by  (2.7.5). 


—  1  —  (4  log  2)  (log  p) / log  n 


Thus 


4  log  2  V"  log  P 
log  n  p 

p^i^i 


and ,  as 


x  > 


>  c. 


> 


Tr(n)  -  loglog  n  -  log  2-4  log  2 
>  loglog  n  -  4 

by  (2.7.2)  and  (2.7.3),  proving  the  lemma. 

To  complete  the  proof  of  the  theorem,  we  let  n  be  so  large 

loglog  n  -  1  2r-* 

that  n  >  cx  .  Taking  r  =  [loglog  n]  ,  we  have  n  >  cl 

and  (2.7.5)  holds  because  of  (2.7.4).  Therefore  by  Lemma  2.8, 


) 


•  •  •  •  1  o’  AlCi  .o'  ' 
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X  (n)  >  gog^g  n  -  4) 
r  [  loglog  n] ! 


[ loglog  n] 


Using  Stirling's  formula  to  estimate  the  factorial,  we  obtain 


Ar(n)  = 


z 


b£r> 


£  c’ 


b[r><n  1 


log  n 


/loglog  n 


for  some  constant  c’  >  0  . 


By  the  theorems  of  Behrend  and  Pillai, 


sup 


V  ~  •  (a-,-}  primitive's  is  of 

^  ai  1 


order 


log  n 


a^<n 


/loglog  n 


.  Pillai 


conjectured  the  existence  of  lim  sup 

n  -*  oo 


/  log  n  y  1  \ 

|  /loglog  n  /— ^  a  j 


where  for  each  n  the  supremum  is  taken  over  all  primitive  sequences 
AC  {l,2,...,n}  .  Erdos  [5]  proved  the  following  result. 


C  IT  ^ 

Theorem  2.9.  Let  (a_/  }  be  the  sequence  of  integers  of 

(r) 

degree  r,  that  is,  fi(a>  ')  =  r  .  Then  if  r  =  [loglog  n]  , 


I 

a(r)<n 

1 


1 

TrJ 


=  (1  +  o(l) ) 


log  n 


/2tt  loglog  n 


On  the  basis  of  this  theorem,  he  stated  that  Behrend's  method 
could  be  modified  to  show  that,  for  any  primitive  sequence  A, 


z 


ai<n 


" 
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thus  claiming  to  have  proved  Pillai’s  conjecture. 


d2(m)  < 


However , 
o)(m) 

[w(m)/2] 


Anderson  [  lj  replaced  Behrend’s  bound  on 
,  for  square-free  m,  by  the  bound 


d2(m)  , 


d2(m) 


<  d(m) 

2^(m) 


^(m) 

[n(ra)/2]^ 


for  all  m. 


but  even  with  this  new  bound  he  could  only  show,  by  Behrend’s  method, 
that 


(1  +  o(D)  ■  , 

/tt  loglog  n 


for  any  primitive  sequence  A. 


It  became  clear,  therefore,  that  Erdos'  claim  had  not  in 

fact  been  justified  and  that  in  order  to  settle  Pillai’s  conjecture, 

some  new  ideas  would  be  needed.  The  real  difficulty,  in  view  of 

Anderson's  observations  lies  in  handling  the  "non  square-free"  case. 

This  difficulty  was  finally  overcome  by  Erdos,  Sarkozi,  and  Szemeredi 

[  7  ].  They  were  able  to  show  that  if  {a^  is  primitive,  then  in  the 

sum  /  —  ,  the  contribution  from  terms  with  a  "large"  square  part 

L — >  a-j 
a^<n  1 

is  "small".  We  now  present  their  argument  in  detail. 


Theorem  2.10  For  any  primitive  sequence  A 


(1  +  o(l)) 


log  n 

/2tt  loglog  n 


uaM 

' 
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(n) 


Proof.  Set 


[■It- 


x  t^n 

fi(t)=x 


By  Theorem  2.9,  \  =  (1  +  o(l)) 


log  n 


^ 2tt  loglog  n 


,  where  r  =  [loglog  n] . 


To  prove  the  theorem,  we  shall  show  that,  for  any  primitive  sequence  A  , 


(n) 


(2.10.1) 


l  i- (l  +  o(l))  I  • 

r 


a^<n 


a^n 


V  1 

We  first  prove  a  lemma  which  shows  that  in  the  sum  ^  ~  » 

all  terms  with  a  "large"  square  part  may  be  ignored.  Or  more 


precisely : 


Lemma  2.11  ^  ~  <  (1  +  o(l))  - Q 

o  r 


(3/2) 


where  in 


L- 


1  <  t  ^  n  and  ft(t)  -  w(t)  >  8  log  r,  with  r  =  [loglog  n] 


Proof.  Suppose  ft(t)  -  w(t)  >  8  log  r.  Put  t  =  a2T 
where  T  is  square— free.  We  claim  fi(a2)  -  w(a2)  >  4  log  r  .  In  order 
to  see  this  suppose  t  =  where  a.j,...,as  -  2  while 

ot  q— =  •  •  •  =  1  •  Then 

n(t)  -  io(t)  =  (0l  -  X)  +  ...  +  K  -  1)  >  8  log  r  . 

For  i  =  l,...,s  put  a±  =  2B±  +  ti  where  tj.  -  0  or  1. 

We  consider  two  cases. 

Case  1.  s  >  4  log  r 

s 

ft( a2)  -  w(a2)  =  ^  2^±  “ 

i=l 


Then 


1  £  s  >  4  log  r  . 


■ 


. 


. 
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Case  2.  s  S  4  log  it 


ft(a2)  -  w(a2)  =  (2e:  -  1)  +  ...  +  (2BS  -  1) 


Now 


-  (a1  -  1)  +  ...  +  (as  -  1)  -  (ej  +  ...  +  es) 
>  8  log  r  -  4  log  r  =  4  log  r  . 


< 


I 

l<a2T<n 


ft  (a2)-u)(a2)>41ogr 


l^a2^n 

ft  (a2)-to(az)>41ogr 


1 

T 


l^T^n 

T  square-free 


< 


2  log  r 


I  i 

l<t<n 


9 


since  ft(a2)  -  w(a2)  >  4  log  r  implies  ft(a)  >  2  log  r 


Now 


z 


1_ 

.2 


2  log  r 


lit-n 


2  k»gr 

(1  +  o(D)  log  n 


=  (1  +  o(D) 


lQg 

.21og3/2 


which  proves  the  lemma.  For  the  theorem,  it  will  be  enough  to  know 


that 


log  n 

/r 


o 


' 
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Let  A  be  any  primitive  sequence  for  which 
fi(ai)  -  w(ai)  <  8  log  r  for  all  i.  We  shall  show  that  (2.10.1) 
holds  for  such  a  sequence,  and  this,  together  with  the  lemma,  will 
establish  the  theorem. 


Now 

(2.10.2)  y  — 

L _ i  3.-^ 

a^<n 


-I  Z  Z  ;fe*Z  Z  ±, 


a 

s>r  a^s^<n  J 
J 


a<r><n 

J 


a : 
J 


s<r  a 


{■fen  j 


where  a^S^  means  that  fi(a^s^)  =  s  . 
J  J 


For  s  >  r  ,  we  shall  replace  each  ajS^  by  all  its 

divisors  b  of  degree  r  to  obtain  a  sequence  {b^}  where  fi(b-j^)  =  r 

I  (s ) 

and  for  each  i,  b^la^  '  for  some  j.  Similarly,  for  r  >  s,  we 
shall  obtain  a  sequence  {d^}  ,  where  ft(d^)  =  r  and  for  each  i, 


a^s)|d^  for  some  j.  Since  < 


<  a^.  <  n  is  a  primitive 


sequence,  the  sequences  {bj_},  {aj  '},  and  {dj_}  are  disjoint,  hence 


(2.1.3) 


Z  b7 


b^Sn 


irT<n 


(r) 


+ 


z^r 

d^<n  r 


(2.10.1)  will  follow  from 


(2.10.4) 

and 

(2.10.5) 


y  <i+ °a))  z  ^ 

b£-n 


7  <  a  +  o(D)  Y  i+o 


di<n 


log  n 

Sr 


-• 


' 

' 
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by  (2.10.2)  and  (2.10.3). 

We  first  prove  (2.10.4).  Set  s1  =  max  {SHa^)} 

i 

We  can  assume  s-^  >  r  ,  otherwise  (2.10.4)  is  trivial.  We  transform 

the  a^s)  ’s  (s  >  r)  into  the  b's  by  an  induction  process  in  such 
J 

a  way  that  (2.10.4)  holds. 


Consider  the  set 


“i  ■  {ui 


(Sj-l)  _  Cs J-1)  I  (sx) 


:  u 


for  some  a.  t 


(s i - 1)  .  (si-1) 

Since  {a^}  is  a  primitive  sequence,  no  u^  a  is  an  a. 


Now  consider 


lb 


,  (8,-2)  (s,-2>  ,  (srl) 

=  {ui  1  :  ui  1  I  aj  for 


j 


(Si-1) 

some  a^  or 


(s i-2)  |  (s -j  —  1)  j.  (s-,-1)-, 

u. 1  ui  1  for  some  u-  1  }  . 


Again,  no  u{Sl  2)  is  an  a^1  2)  .  Repeating  this  construction 


^  -  r  times  gives  the  set  Ug^_] 


which  is  the  set  of  b's. 


We  have 


(s  l"1)^ 


Z ^ I i* Zip 

■1)._  1  PSn  a^l^n  3 

J 


and,  for  l<m£si-r. 


z  Z  ^ 

U-£  1  /  .  i  \  J 


u^  1  -n 


p£n 


(s.-m+l) 

.  1  ^n 


* 


. 


By  Lemma  2.11, 


+ 


(s ,-m+l) 

to(ui  1 


) 


u 


Xj  (Sn-m+1) 

ui  1 

(Bl-mfi) 


!  -  m  +  1  -  8  log  r 


and  since 


(s  ■,-m+l) 
ui  1 


divides  some 


0) 


(a^Sl  >  s1  -  m  +  1  -  8  log  r  . 


Now 


z 

p<n 


—  <  loglog  n+C=r+c  so  that 
P 


s  ^-m+l-Slog  r 


(2-10'6)  1^)"  r+c 

We  have 


y _ i _ +  v _ i _ 

Z_,  (Sj-m+l)  /  ,  (s^m+1) 

ui  ai 


(2.10.7) 


Sj-m+1-8  log  r 
r  +  c 


1  for  s1  -  m  >  r+9  log 


and 


(2.10.8) 


t  —  m  +  1—8  log  r  ,  9  log  r  ^ 

i - —  >  i - & —  for  s  i  —  m  >  r 

r  +  c  r  1 


Thus  (2.10.6),  (2.10.7)  and  (2.10.8)  give 


1+  I 


(r) 


b-^Sn 


(r) 
li 


u 


9  log  r 


i 


9  log  r 


u/  '  £n 


I 

S>r  ^ 

a.  ^n 


=  (1  + 


od))L  * 


' 
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which  proves  (2.10.4), 


We  now  prove  (2.10.5).  Setting  s2  =  min{^(a^)}  ,  we  can 
assume  s2  <  r  .  Starting  with  the  integers  a^s2^  ,  we  replace 

j  1 

them  by  the  integers  u(s2+l)  of  the  form  pa^s2)  where  p  <  n^2 


Repeating  this  procedure  r  -  s2  times  gives  the  integers  u^ 


(r) 


which  consist  of  some  or  all  of  the  d-^’s  and  some  or  all  of  the 

1+1 

integers  in  the  interval  [n,n  r]  having  r  prime  factors,  (since 

( r\  TT2  (r_ s9^  ^  1+tt  N 

u>r;  <  n  nr  z  ^  n  r  )  . 

l 

Each  integer  having  s2  +  m  +  1  prime  factors  has  at  most 
s2  +  m  +  1  divisors  having  s2  +  m  prime  factors,  so  that 


(2.10.10) 


I 


(s2+m) 


(s2+m)<n  2 


u 


(s2+m) 


L  (s2+m)  Z  P 

Uj  ^  1 


^n 


72 

p<nr 


<  (s9  +  m  +  1) 


y~.  (s2+m+l) 

(s9+m+l)£n  Ul 


ui  2 


Now 


E 


1 

—  >  r 
P 


-  3  log  r  ,  so  that 


p£n 


72 


r  -  3  log  r 


V  1  — 

/  ,  (s  2+m+l)  s1  +  m  +  1 
u(s1-Hn+l)lnUl 


E 


+m) 


+ 


E^ 


+m) 


u^sl+m)^n  1  a(s i+m)in 


We  have 


r  ~  3  1°8  ,r.  >  i  for  s9+m+l^  r  -  31og  r 


s2  +  m  +  1 


and 


r  -  3  log  r  ^  _  j  log  r  since  s2  +  m  +  1  £  r  . 


sx  +  m  +  1 
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Hence,  by  induction  on  m, 


(2.10.11) 


I 


(r) 


u 


(r)  .  "I 
ui  ^n 


(1  - 


3  log  r\3  lo8  r 


z 


=  a  +  cun  ]T 


But 


(2.10.12) 


r  1-41 

ZfrZi'Yi 

d±<n 


(r)<  i 
14  ^n 


■z 


t=n 


d^n 


di 


+  0 


log  n 


Then  (2.10.5)  follows  from  (2.10.11)  and  (2.10.12)  and  the  theorem 


is  proven. 


Thus  lim  sup 
n^°°  A 


log  n  \-i  y  ll  1 

/loglog  n  I  -4-^  aj  /2tT 


where  the  supremum  is  taken  over  all  primitive  sequences 

A  Q  (1, 2 , . . . ,n)  . 


In  view  of  the  result  of  Pillai  one  would  perhaps  expect 
that  there  exists  an  infinite  primitive  sequence  A  such  that  for  some 
constant  c 

JL  >  c  l.P.g_iL— 

3-i  /loglog  n 


This,  however,  has  turned  out  to  be  not  the  case.  We  devote  the 
remainder  of  this  chapter  to  a  discussion  of  the  following  result 
of  Erdos,  Sarkozi,  and  Szemeredi  [  8 J. 


. 


Theorem  2.12  Let  A  be  an  infinite  primitive  sequence. 


Then 


(2.12.1) 


y  _l  =  0  ios  * 

l—*  ai  /loglog  x 

a^x 


Proof.  Suppose  there  is  a  primitive  sequence  A  for  which 
(2.12.1)  does  not  hold.  By  the  argument  used  in  Behrend’s  Theorem, 
we  can  assume  without  loss  of  generality  that  the  terms  of  A  are 
square-free. 


For  this  sequence,  there  is  a  sequence  {x^}  tending  to 
infinity  sufficiently  quickly  that 


(2.12.2) 


I 


1  log  xv 

>  C- 


xv-l<ai<xv 


ai  1  /loglog  x 


v 


That  (2.12.2)  leads  to  a  contradiction  is  a  consequence  of  the 
following  theorem. 


Theorem  2.13  Let  u  <  w  where  w  is  sufficiently  large 
compared  to  u  (say  w  >  exp  exp  2u) .  Let  a^  <  ...  <  be  a 
primitive  sequence  of  square-free  integers  for  which 


(2.13.1) 


u  <  a  ^  <  ...  <  3l\h  <  w 


and 


c2 


log  w 

/loglog  w 


(2.13.3) 


■ 
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Suppose  that  y  satisfies  y  >  exp  exp  2w  and  denote 
by  b1  <  ...  <  bs  £  y  the  integers  of  the  form  a-j_Qm  ,  i  =  , 

where  all  the  prime  factors  of  Qm  are  greater  than  u. 

Then 

s 

(2.13.3)  ^  >  cs  log  y  , 

i=l  1 

where  c3  =  c3(c2)  . 

We  apply  Theorem  2.13  as  follows.  Let  A  be  an  integer  for 
which  Xc3  >  2  and  let  y  >  exp  exp  2x^  .  For  each  v  ,  1  <  v  ^  A  , 

(2.12.2)  gives  a  primitive  sequence  =  (a£V^  <...  <  a£^ }  , 

with  x,  ■  <  a-.  ...  <  a^v-^<  x,,  ,  for  which  (2.13.2)  holds  with 
v— 1  J-  v 

c2  =  Cj  .  Then  we  have  corresponding  sequences  ,  v  =  1,...,  A  , 

for  which  (2.13.3)  holds. 

Then 

(2.12.3)  4>  if  v  *  v'  . 

For  if  a.jQ^  =  b^v)  =  bjV  ^  =  a j \  (we  can  assume  v'  >  v) 
then  aJajQ^'^.  Since  all  the  prime  factors  of  Q^v  ^  are  greater 

than  xv»_;l  “  xv  >  (ai>  QnV  ^  =  ^  an<*  ai  I a j  *  But  ai  <  xv 
and  aj  >  xv»_1  -  xv  .  Therefore  a±  <  a^  ,  so  that  a^aj  . 

For  v  <  A  ,  b^v^  -  y  and  by  (2.13.3), 

s 

>  c  3  log  y  . 


**•  ^ 

- 


' 


■ 


s 
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By  (2.12.3)  we  then  have 

_  *  sv 

2  log  y  >  -  Xc3  log  y  >  2  log  y 

t<y  v=l  i=l  bi 

and  this  contradiction  proves  Theorem  2.12.  Hence  we  need  only 
prove  Theorem  2.13. 

Proof  of  Theorem  2.13.  Let  {t^}  be  the  sequence  of 
integers  all  of  whose  prime  factors  are  greater  than  w.  Then  it 
is  easily  seen  that 


Since  y  >  exp  exp  2w  ,  ^  is  large  enough  that  Theorem  1.3  holds, 
giving 

V  -L  >  c4  . 

t±  4  1°8  w 

ti<* 

1  w 

Thus  to  prove  (2.13.3)  we  have  only  to  show 
(2. 13. A)  y  ^  >  c5  108  w  • 

bj*w 

Let  d  (n)  be  the  number  of  divisors  of  n  among  the  a’s  and 
3 

d4(n)  the  number  of  divisors  of  n  among  the  b's.  Clearly 
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Thus 

(2.13 

which 

(2.  3 

Now 

where 

w(n) 

From 

Also 


w 


E  **<•>- E  ft]  *  ■  Z  £ 

n=l  i=l  i=l 


(2.13.4)  will  follow  from 


5) 


w 


^  d4(n)  >  c6  w  log  w 


n=l 


Let  iij  <  ...  <  rij.  <  w  be  the  sequence  of  integers  for 


c5  ?w(ni> 

6)  w(ni)  >  log  log  w  and  d_(n_. )  >  ~  ,.s 

6  x  16  va)(n-L) 


t  w 

V*  d3  Crif)  ^  V  d3(n)  d3(n)  d3(n)  » 

'l  Z_J2 

i=l  n=l 


m 


E  .  »* 

^-*1 


w  and  w(n)  ^  log  log  w  and  in  ^  ,  n  ^  w  , 

2 


c_  nOJ  (ti)  p„  /^oj  (n) 


•  2a,v“/  c9  2 

>  loglog  w  and  d3(n)  -  — -  -1  -  —  < 


16  /co  (n)  16  /loglog  w 


(2.13.2)  we  have 


E 


d3(n) 


k 


L — i  “l 

i=l 


w 


w  log  w 
/loglog  w 


S  w  2lo8log  w  < 


w  log  w 
/loglog  w 


. 
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and 


d3(n) 


w 


_2_  V 

16  Z_, 


>(u(n) 


n=l 


/loglog  w 


r  „  w 

^2  1  r  i 

16  /loglog  w 

n=l 

<  Iz.  W  log  w 
8  /loglog  w  * 


since 


2w(n)  <  d(n) 


w  w 

so  that  / 

n=l  n=l 


w 

-  Z  d(n)  <  2  w  log  w 


Therefore 


(2.13.7) 


Z  d3(m)  >  C-f  y==~= 

4 — '  ^  /loglog  w 


i=l 


Then  (2.13.5)  will  follow  at  once  from 

(2.13.8)  d^  (ni)  >  c ?  d3(ni)/aj (n'i)  >  c?  d3  (n-j^) /loglog  w 

and  (2.13.7),  the  last  inequality  of  (2.13.8)  following  from  (2.13.6). 

To  prove  (2.13,8)  let 

p.  <  ...  <  p-  5  u  <  q.  <  ...  <  qr  ^  w 
1  r x  1  r2 

be  the  prime  factors  of  n-^.  Clearly  r^  <  u  and  by  (2.13.6) 

r2  >  loglog  w  -  u  >  u  >  rx 


if  w  >  exp  exp  2u  .  Also  by  (2.13.6) 


■ 


54  - 


(2.13.9) 


The  product  of  any  a  dividing  n^  and  a  number  of  q’s 


not  dividing  a  is  a  b  dividing  n±,  so  (2.13.8)  will  follow  from  the 
combinatorial  estimate  obtained  from  Theorem  1.9. 

To  apply  Theorem  1.9,  we  let  S  be  the  set  of  distinct 
prime  factors  of  ni#  be  the  set  of  p’s  and  S2  the  set  of  q’s. 
Further,  if  we  identify  the  a's  with  the  primitive  family  of  subsets 
A  and  the  b’s  with  the  family  of  subsets  B,  then  since  (2.13,9) 
holds,  we  have  s  =  d^n^)  >  cg  2w(ni)  which  is  (2.13.8).  Thus 
Theorem  2.13  and  so  Theorem  2.12  is  proven. 


Theorem  2.12  is  best  possible  in  the  following  sense. 


Suppose  that  h(x)  tends  to  infinity  arbitrarily  slowly.  Then  there 


is  an  infinite  primitive  sequence  A  for  which 


lim  sup 
x 


To  see  this,  let  {x.^}  be  an  increasing  sequence  tending 
to  infinity,  and  in  each  interval  (xv_^»  xv^  ^  ^  consist 


of  all  the  integers  with  exactly  [loglog  xv]  distinct  prime  factors, 
each  of  which  is  larger  than  xv_r  By  the  argument  of  Pillai,  there  is 


a  positive  constant  c  such  that 


oo 


if  x-vi  -*»  °°  sufficiently  quickly.  Letting  A  =  U  A^v)  gives  the 
v  v=l 


desired  result. 


.  I 


. 


' 

' 
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CHAPTER  III 


SEQUENCES  OF  POSITIVE  UPPER  LOGARITHMIC  DENSITY 


If  a  sequence  S  has  positive  upper  logarithmic  density, 
then  by  Theorem  2.4,  it  cannot  be  primitive.  In  fact,  S  must  have 
infinitely  many  pairs  of  elements  s^,  Sj  such  that  si!sj  •  However 
this  result  can  be  improved  substantially  in  two  directions.  We  shall 
show  that  any  sequence  S  of  positive  upper  logarithmic  density  has  a 
subsequence  S' ,  each  of  whose  terms  divide  the  succeeding  term, 

=  °°,  where  f  (x)  =  ^  1 

S^<S j<X 

si  I s  j 


and  that,  for  such  a  sequence  S,  lim  sup 

x  -*  oo  x 


Theorem  3.1  (Davenport  - 

be  any  sequence  with  positive  upper 

a  subsequence  such  that  s 

J  J 


Erdos  [ 4 ])  Let  S  = 
logarithmic  density. 
j  I S-!  for  all  i. 

xj 1  xj+i 


W>i=: 


Then  S  has 


Proof . 
that  there  is  an 


Suppose 

Sj  e  S 


6S  =  a  >  0  . 

for  which 


It  is  sufficient  to  show 


(3.1.1) 


lim  sup 

n  ->  oo 


_1 _ 

log  n 


0 


> 


for  then,  by  repeating  the  argument  with  the  sequences 

S(j)  =  {s  e  S  :  Si  Is},  for  each  j,  we  obtain  a  subsequence  {s^}^ 

with  the  desired  property. 


' 
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If  (3.1.1)  is  false,  then  for  any  r  and  all  k,  1  £  k  ^  r  , 


lim  sup  - — - —  /  —  = 

n  +  oo  log  n  si 


0 


Sj£n 

sklsj 


so  that 


lim  sup  , 
n  log 


-  I  - 

g  n  Z__,  s  j 
s^n  1 

silsi 


=  a  . 


We  shall  prove  below  that  for  any  sequence  S,  the  set  of 
multiples  of  5,  8(8),  has  logarithmic  density  5  8(8)  and  that  , 


(3.1.2) 


6  8 (8)  =  6  B<i>(S) 

i=l 


where  8 (i)(S)  =  {b  e  8(5)  :  s.|b  but  Sj jb,  . .  . ,  s^_1 Jb }  . 


Since  8  C  8(8)  ,  we  have 


a  5  lim  sup  - 
n  oo  log 


!_  7  -L 
S"  bl<nbi 

sk(bi 


where  1  <  k  8  r  and  b^  e  8 (8).  Hence 


a  s  {  8(S)  -  7  6  8<1)(S) 


i=l 


00 


=  7  <5  8(i)(S)  . 


i=i+i 


7  <5  B(i)(S) 

i=r+l 


Now  by  choosing  large  enough  r,  we  have 


<  a 
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by  (3.1.2).  Thus  there  must  be  some  s-j^  for  which  (3.1.1)  is  true. 

For  any  sequence  S,  we  denote  by  B^S)  the  set 
B{s15...,  sm}  ;  by  B^n)  ,  the  set  Bm(S)  P  (1, .  . .  ,n)  ;  and  by 
B (i) (n)  the  set  , 

Then 


(3.1.3) 


m 


lBm(n)|  =  ^ 


i=l 


|  B (n)  |  . 


Now  for  every  i, 


|B(±> (n) |  = 


V  — n— 

Z_>  [Si.s^ 

j<i  L 


+ 


i 

k<j<i 


_ n 

[Si,Sj ,S]J 


so  that 


(3.14) 


d  B^^(S)  =  lim 

n-*30 


lB(i)(n)[  = 

n 


By  (3.1.3)  we  have 


m 


(3.1.5) 


d  Bm(S)  =  £  d  B(i)(S) 


i=l 


Hence  d  B^(S)  >  0  and  d  B^(S)  >  0  by  (3.1.4)  and,  by  (3.1.5), 


m 

0<  ^  d  B^^(S)  ^  1  for  all  m. 

±A 

Setting 

00 

(3.1.6)  8  =  Y,  d  8<1)(S)  > 

i=l 


we  have 
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(3.1.7)  0  <  8  -  1 

and  by  (3.1.5) 

6  =  lim  d  Bm( S)  . 

m  -*  oo 

5m(S)  C  B(S)  , 

Bid  B  (S)  . 

Lemma  3 . 2  For  any  sequence  S,  if 
then  d  B(S)  =  lim  d  Bm(S)  =  8  . 

m-x» 

oo 

Proof .  d  B(S)  £  dBm(S)  +  ^  ■—  .  Letting  m  tend 

i=m+l 

to  infinity,  gives  d  B(S)  i  8,  which  together  with  (3.1.9)  proves 
the  lemma. 


L 

i=l 


converges 


(3.1.8) 

As 

(3.1.9) 


We  now  complete  Theorem  3.1  by  proving  the  following 
theorem  of  Davenport  and  Erdos.  We  give  the  elementary  proof  of 
Halberstam  and  Roth  [10]. 

Theorem  3.3  For  any  infinite  sequence  S,  B(S)  possesses 
logarithmic  density,  and 


6  B(S)  =  d  B(S)  . 

Proof.  By  (3.1.9),  the  theorem  will  be  proven  by  showing 


6  B(S)  i  6  =  lim  d  Bm(S )  . 

m->-  °° 


that 
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Let  N^) 


and  put 


be  the  set  of  natural  numbers  composed  of  p^,... 

SCO  =  so  N<k)  . 


Now 


I 

neN^k) 


1  - 

k 

■ 

JL  _ 

1  -  i 
Pij 

n 

l=: 

. 

-1 


=  0 (log  k)  . 


Therefore 


I 


00 


converges,  so  by  Lemma  3.2,  8(8^)  has 


i=l 

asymptotic  density. 


We  now  show 


(3.3.2) 


lim  d  B(S^k))  =  3  =  iim  d  8m(S)  . 
k-^°°  m->°° 


Clearly  d  8(S(k))  increases  with  k,  and  d  8(8^0)  <  \  ,  Hence 

lim  d  8 (8<k>)  exis  ts . 
k  ->°° 


For  any  r,  there  is  a  k  =  k(r)  such  that  s 

Therefore 


,sr  e  8(k) 


d  8(8<k))  >  d  8 r(8) 
and,  as  r  -*  00  ,  by  (3.1.8), 


(3.3.3) 


lim  d  B(S<k))  £  S  . 
k-><» 


On  the  other  hand,  for  any  £  >  0  and  any  k,  there  is  an 
r0  =  r0(e,k)  such  that 


for  r  >  r0  . 


»Pk 


i=r+l 


■ 
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Then 


00 

d  B(SOO)  <  d  8r(S<k>)  +  y 


_  s(k) 

i=r+l  1 


<  d  Br(S(k>)  + 


If  h  is  large  enough  that 


{sfk),...,  s£k) }  C  {a  ,  Sh}  , 


then 


d  B(SOO)  <  d  8h(S)  + 


<  3  +  e  for  all  e  and  k. 


Hence 


(3.3.4) 


lim  d  B  1  3  +  e  for  all  e  >  0  ,  and  thus 

k->°o 

lim  d  B(S  )  <;  3  # 
k->°° 


(3.3.3)  and  (3.3.4)  imply  (3.3.2). 


m 


If  we  denote  by  jlKk)  the  set  B(S^k^)  ,  then  any 

^k^  in  M^k)  has  the  form  s^k^n^k^  and 


m 


i=l 


(k)  (k) 

i  sl 


n<k> 


+ 


(k) 


i=l 


[S)(k),s2(k)] 


n5k) 


+ 


i=l 


Setting  yk  = 


i=l 


(k) 

nj 


=  O(log  k) ,  we  have 


m00 
m . 


Y k  d  B(S(k)) 


i=l 


(3.3.5) 


. 


■ 


' .  ifm 

- 
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For  each  k,  we  set 


(3.3.6) 


B(n)  -  ^  —  _  B2(n)  +  32(n)  ,  where 

b-jin 


(3.3.7)  (n)  = 


bi<n 

b±e  B(SW) 


32(n)  = 


b^n 


b^B(S<kh 


Since 


s<k> 

1=1  i 


converges ,  d  8(S(k>)  exists,  so  that 


(3.3.8) 


3 1  (n)  \ 

lim  - -  =  d  8 (SW)  . 

n->oo  log  n 


We  now  consider  32(n)  .  Let  h  be  the  unique  integer 
defined  by,  (pi  is  the  i’th  prime), 

Ph  -  n  <  Ph+i  • 


Then 


39(n)  < 


i=l 

m{h) f  B(S(k)) 


(h) 

m  • 


since  each  b±  <  n  is  an  .  An  m?^  contributes  to  the 


sum: if 


e  ~  1J  :  ui  =  p 


a 


i=l 


lc+1 
k+1  * 


a 

*  ph 


hi 

Pu  >  . 


Thus 


32(n)  -  y  (h) 


im 


i=l 


oo 


u . 


i=l  /  i=l 


(k) 

m_. 
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But 


00 


,  so  by  (3.3.5) , 


e2(n)  i  Yh  (d  B(S(h))  -  d  8(S(kb) 


£  c  (log  n)  {d  8(S(h>)  -  d  8 (S ) }  . 


62  (n) 

As  n  -  »  ,  lira  sup  -  c  (6  -  d  8(S(k))}  by  (3.3.2). 

by  (3.3.6)  and  (3.3.8), 


Therefore, 


niri  «up  lfri  -  d  B(s(k))  +  C  (B  -  d  B(S(k>)}  . 

Since  this  is  true  for  all  k, 

6  8(S)  =  lim  sup  ■-  ^  lim  d  B(S^) 

n  ->  °°  log  n  k->oo 

+  c  (6  -  lim  d  8(S(k))} 
k  ->°o 

<6  by  (3.3.8). 

Thus  Theorem  3.3  is  proven,  and  this  theorem,  together  with  (3.1.6) 
gives  (3.1.2),  which  proves  Theorem  3.1. 


In  light  of  the  Davenport-Erdos  Theorem,  it  might  be 
-  f  (x) 

conjectured  that  if  6  S  >  0  then  lim  -  =  00  .  Erdos,  Sdrkozi, 


and  Szemerddi  [  9 ]  proved  that  while  lim  sup 


f(x) 


X 


X 


=  00  for  any  such 


sequence  S,  for  each  0  <  c  ^  1  ,  there  is  a  sequence  S’,  with 

f(x) 


6  S’  =  c  ,  for  which 


x 


increases  slowly. 


•  , 
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Theorem  3.4  Suppose  S  is  an  infinite  sequence  with 


(3.4.1) 


6  S  = 


lim  sup  - - 

x  oo  log  x 


Cj  >  0  . 


Then  there  is  a  c2  =  so  that 

(3.4.2)  f(x)  >  x  exp  {c2  /log log'  x  logloglog  x) 


for  infinitely  many  x.  However,  there  is  a  sequence  S'  satisfying 

(3.4.1)  for  which 

(3.4.3)  f  (x)  <  x  exp  (c3  /logl'og  x  logloglog  x} 

for  all  x  ,  where  c3  =  c^Cj)  . 

Proof .  Suppose  (3.4.1)  holds.  Then  for  infinitely  many 

El  C1 

— —  >  —  *  log  N  ,  (3.3.2)  is  a  consequence  of  the  following 

Si<N  1 
theorem. 


Theorem  3.5  Let  tl  <  .  . .  <  tk  <  N  be  a  sequence  of 
positive  integers  satisfying 

(3.5.1)  ^  ~  >  c4  log  N  . 

t±<N  1 


Then  there  is  a  c5  =  c5(ctf)  so  that 


(3.5.2) 


log  N 


for  sufficiently  large  N,  where  in 


the  summation  is  over  all 


' 

;  n  |  i  \  -| 


. 
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t  s  with  at  least  exp  {c^  /loglog  N  logloglog  N}  divisors  among 
the  t's. 


For  each  N  which  satisfies  (3.5.2),  there  is  an 
M  =  M(N)  <  N  for  which 


I 


1  >  — r-  M 


t±<M 


where  M  tends  to  infinity  with  N.  Hence 


f  (M)  > 


I,  ■ 

\t±<M 


exp  {cs/loglog  N  logloglog  N} 


^  C  i  ■  ■■  ■  .  - 

>  M  exp  {-r-  / loglog  M  logloglog  M} 


and  Theorem  3.4  follows  from  Theorem  3.5. 

Proof  of  Theorem  3,5  Suppose  the  theorem  is  false. 

Then  for  arbitrarily  large  N,  there  exists  a  sequence  t^  <...  <  t^.  <  N 

which  satisfies  (3.5.1)  with,  for  every  c5  ,  a  subsequence 

u^  <  .  .  .  <  ur  £  N  in  which  each  u-^  has  fewer  than 

exp  (c5  /loglog  N  logloglog  N)  divisors  among  the  u's  and  for  which 

(3.5.3)  I  ^  >  K  lo8  N  . 

u±<N  1 


The  argument  used  in  Behrend's  Theorem  shows  that  there  is 

2 

a  V  and  a  subsequence  u,-  <  ...  <  u^  ,  with  ui .  =  v  Hi 

P  3 

for  j  =  l,...,p,  where  qj  is  square-free,  for  which 


/ 

' 


■ 
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(3.5.4) 


Z  Z =•  t  108  N 

j=i  J 


Let  d5(n)  be  the  number  of  q's  dividing  n.  By 
hypothesis  we  have,  for  1  <  r  <  p  , 


(3.5.5) 


d5(qr)  <  exp  {cR  /loglog  N  logloglog  N} 


For  N  >  N0  ,  (3.5.4)  gives 


N 


(3.5.6) 


d5  (m) 


m=l 


3=1 


JL 

q-i 


>  N 


3  =  1 


_L 


-  l 


>  N  log  N  . 


Since  each  qj  is  square-free,  d5(m)  1  2w^m\  Thus  from 


(3.5.7) 


N 


i 


d5(m)  >  y  N  log  N 


_  N  2loSloS 


m=l 

co(m)  >  loglog  N 


>  ”  N  log  N  . 


However 


N 


d  (m)  <  2  N  log  N  . 


m=l 


Hence  by  (3.5.7)  there  is  an  m  ^  N  with  w(m)  >  loglog  N 


which 


(3.5.8) 


.  N  c4  ,/  X  >  fZ.  oU)(m) 

dc(m)  >  2q  d(m)  _  ?fj  2 


our 


(3.5.6), 

N 


for 


- 

. 


«  !  * -> .  i  (  ,v.  v,  (  . 
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We  complete  the  proof  by  using  Theorem  1.10  to  obtain  a 
contradiction  to  (3.5.5). 

To  apply  Theorem  1.10  in  the  proof  of  Theorem  3.5,  we 

let  S  be  the  set  of  prime  factors  of  the  m  of  (3.5.8).  Since  the 

q's  are  square-free,  we  can  assume  that  m  is  square-free,  so 

I S  (  =  n  =  oj(m).  Let  be  the  set  of  prime  factors  of  q^  .  Then 

c4 

by  (3.5.8),  there  are  more  than  ~  2n  B's.  By  Theorem  1.10,  one 
of  the  B's  contains  at  least  exp  {  c?  /n  log  n}  other  B's  for 
n>n0(c4)»  where  c 7  =  c7(c4)  .  That  is,  there  is  a  q  dividing 
m  for  which 

d5(q)  >  exp  {  c7  /loglog  N  logloglog  N} 

which  contradicts  (3.5.5)  for  sufficiently  small  c^  . 

Thus  (3.4.2)  is  proved.  As  the  proof  of  (3. 4 . 3)  requires  the 
use  of  probabilistic  methods,  we  shall  not  present  the  argument  here. 
The  result  indicates,  however,  that  (3.4.2)  is  close  to  being  best 


possible , 


* 


- 
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